We introduce the pseudoparticle operator algebra that generates all Hubbardchain eigenstates from a single reference vacuum. The occurence of only zeromomentum pseudoparticle forward scattering at all energy scales combined with the infinite pseudoparticle-number conservation laws establish this operator basis as the most suitable for dealing with transport properties at finite frequencies. We discuss the explicit form of the finite-frequency conductivity in these models.
case, with N α,0 ≡ N α ].
A crucial point is that the pseudohole and pseudoparticle numbers are constant for each Hamiltonian eigenstate. The N α,γ numbers are related to the BA numbers of Ref. [3] as generalizations of the pseudohole expressions of Ref. [6] , which refer only to the η and S
LWS's and HWS's I (which we call simply states I).
The operatorsN 
We emphasize that the expressions for the off-diagonal SO(4) generators go beyond BA, which provides the expressions only for diagonal operators. The momentum simply readŝ
, where C c,γ = −1 for γ > 0 and C α,γ = 1 otherwise.
The usual first-quantized BA wave function expression for the Hamiltonian eigenstates has an involved form which includes many permutations [2, 3] . Although the pseudoparticles/holes obey generalized [10] rather than Fermi or Bose statistics, one can use their formal anticommutation relations (together with suitable topological-momenton operators [6] ) to develop an extremely simple second-quantized representation of all 4 Na orthonormal
Hamiltonian eigenstates:
where the generatorŜ 
the remaining α, γ bands.
). For the states I, we have that N α,γ = 0 for all γ = 1, 2, ... 
and when N α,γ is odd (even) and I α,γ j are integers (half-odd integers) the pseudo-Fermi points are symmetric and given by q (±)
] where
. On the other hand, when N α,γ is odd (even) and I α,γ j are half-odd integers (integers) we have that q
The ground state (GS) associated with a given canonical ensemble is always a state I of the form presented in Ref. [6] , which is a particular case of the general GGS expression (3).
To classify the statistics of our pseudoholes and pseudoparticles according to the generalized Pauli principle of Ref. [10] , we introduce the pseudohole and pseudoparticle dimensions
the the statistical-interaction matrix has infinite dimension and reads g c,α = δ c,α , g c;α,γ = 0,
This fully defines the statistics, the pseudoholes and pseudoparticles being neither fermions nor bosons [10] . Let us introduce the α and α, γ topological-momenton operators (for the states I see Refs. [6,11]) which generate topological excitations associated with a shift of all the pseudomomenta of the corresponding band by ± π Na
. Creation or annihilation of odd numbers of pseudoholes or pseudoparticles always requires the occurrence of such topological momentons. Their
A remarkable property is that the transition between a GS and any eigenstate (2) Given a sub-canonical ensemble, we can write the Hamiltonian expression in normal order relative to the GS of the associated canonical ensemble. We find :Ĥ :
whereĤ top has eigenvalue ω 0 = E GGS − E GS and corresponds to the GS -GGS transition 
For transitions to pure LWS's or HWS's II, this leads to ω 0 = 2|µ| 
. We can also write the expression ofĤ (j) for higher scattering orders j > 2. The main feature is that for all sub-canonical ensembles, energy scales, and pseudoparticle scattering orders, the Landauliquid terms of the above Hamiltonian involve only zero-momentum forward-scattering.
The pseudoparticle bands ǫ 0 α,γ (q), associated group velocities v α,γ (q), two-pseudoparticle forward-scattering phase shifts Φ α,γ;α ′ ,γ ′ (q, q ′ ) (whose expressions are similar to the ones of the corresponding γ = 0 functions [4] and will be studied elsewhere) and "light" velocities v α,γ ≡ v α,γ (q F α,γ ) control the physics at low energies ω − ω 0 . For instance,
Let us apply our pseudoparticle operator basis to charge transport in this system. We can write the charge-current operator asĴ [4] .)
The frequency-dependent conductivity, Reσ(ω), involves transitions induced byĴ of f and for the Hubbard model (in any dimension) in principle consists of three different pieces: (1) the Drude absorption peak (absent for n = 1), (2) a finite-frequency absorption associated with creation of doubly-occupied sites, and (3) an absorption continuum between the Drude peak and absorption (2) (absent for n = 1). However, numerical studies show that (in contrast to 2D) the 1D Hubbard model has only an extremely small type-(3) absorption [13] . Since the conductivity sum rule [12] proves that there is spectral weight away of the Drude peak, it must be mostly concentrated in the absorption (2). This picture is confirmed by our exact study. Although we can not yet derive a closed-form expression forĴ of f , our operator basis does provide important information about the conductivity spectrum: namely,
1) The occurrence of only forward scattering in the Landau-liquid term of the pseudoparticle Hamiltonian is consistent with the extremely small type-(3) absorption found numerically [12, 13] and indicates that the topological term and the associated finite-energy transitions 
where the exponent ζ is a non-classical combination of pseudoparticle phase shifts and ζ > 1 for all c, γ transitions except for the single c, 1 elementary transitions, for which 1 2 ≤ ζ < 1. (For large U such elementary processes create one doubly-occupied site.) Since the absorption associated with other energies and excitations is extremely small, we thus conclude that in the 1D model (in contrast to the 2D case where the absorption (3) is important [13] ) the spectral weight is mostly concentrated at the ω = 0 Drude peak (for n = 1) and at an absorption starting at ω ∼ 2|µ|, where the conductivity shows a Luttingerliquid band edge with infinite slope at ω = 2|µ|. Based on the form of the c, 1 excitation spectrum we predict this absorption to have a width W such that 0 < W ≤ 8t. W vanishes both for n → 0 and n → 2 and reaches its maximum value, W = 8t, for n → 1. At n = 1 this fully agrees with the numerical studies of Ref. [14] . [Considerably smaller weight exists at the remaining absorptions of higher energy and vanishing slope; the slope also vanishes for the extremely small absorption (3), which for the doped Mott-Hubbard insulator and ω → 0, is predicted to have an ω 
